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COMPLETENESS ON THE WORM DOMAIN AND THE MUNTZ SZASZ 
PROBLEM FOR THE BERGMAN SPACE 


STEVEN G. KRANTZ, MARCO M. PELOSO, AND CATERINA STOPPATO 

Abstract. In this paper we are concerned with the problem of completeness in the Bergman 
space of the worm domain and its truncated version W^. We determine some orthogonal 
systems and show that they are not complete, while showing that the union of two particular 
of such systems is complete. 

In order to prove our completeness result we introduce the Miintz-Szdsz problem for the 
1-dimensional Bergman space of the disk S'Hd hnd a sufficient condition for its 

solution. 


Introduction 

The Diederich-Fornaess worm domain was introduced in [DF77] and is defined for a given 

> 0 as 

W^ = {izuZ2)eC^: ( 1 ) 

where cp : [—A, A] —)• [0,1] is a smooth, convex, even function that vanishes identically in [—p, p], 
with A > p, ^{A) = 1, and increasing on [/t, A], As a result, is smooth, pseudoconvex and 
strictly pseudoconvex at all points (zi,Z 2 ) E with zi ^ 0. See [CSOlj for a thorough dis¬ 
cussion of basic properties of the worm. The worm turned out to be of fundamental importance 
in the theory of geometric analysis in several complex variables, see |Kis S], (B ar 92], |Chr96| . 
[KPOSaj . [KPOSbj . [KPS15| and references therein. 

For computational purposes, is often truncated to the non-smooth bounded domain 

W; = {(^i,Z 2 )€C 2 : |zi-e''°sh 2 p| < 1 ^ | log |z 2 p| </r} , (2) 

that is, one replaces the function ip with the characteristic function of the complement of the 
interval [—/r,/u]. 

In the discussion that follows, we let 12 denote either domain or 

In this study we are concerned with the question of finding orthogonal and complete sets in 
A^(n). As is well known, when /x > vr, 12 has non-trivial Nebenhiille. Here the Nebenhiille is 
understood to be the interior of the connected component that contains 12 of the intersection of 
all domains of holomorphy containing 12. We first show that this easily implies that the closure 
in A^(I2) of the holomorphic polynomials is a proper subset of A^(f2). 
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Thus we are led to consider sets of suitable “monomials” in that can be defined as the 
holomorphic continuation of non-integral powers z^, when z = (^ 1 , 2 : 2 ) is initially restricted to 
A X {z 2 '■\z 2 \ = 1}, where we denote by A the disk € C : |C — 1| < !}• 

We determine some orthogonal sets ,k,j G Z,k > 0}, and {H 2 k+i,j ,m,j G Z,k > 0} 

(see Corollary 1 1.5 jl . and show that their union determines a complete set in A^iyV'^) when > 0 
fTheorem l3.1|) . We also show that each of the two systems, however, is not complete (Proposition 


In order to prove our completeness result, Theorem 13.11 we prove a result of independent 
interest. Theorem EH We naturally use the name the Miintz-Szdsz problem for the Bergman 
space for the question of characterizing the sequences {Aj} in the right half-plane for which the 
sets of powers form a complete set in A^{A). 

The classical Miintz-Szasz theorem deals with the completeness of sets of powers {t^^~^} in 
L^([0,1]), where again Xj is in the right half plane. The solution was provided by C. Miintz 

|Munl4j and by O. Szasz [S zal6| in two separate papers, where they showed that the set {t^^ 2 } 
is complete L^([0,1]) if and only if + |Ajp)“^ Re Aj = 00 (see also |PW87| or |Rud66| 

for a more accessible reference). 

We find a sufficient condition for the solution of the Miintz-Szasz problem for the Bergman 
space and use it to prove our completeness result for A^iW'^). 

Finally we show that the complete set k,j E Z, A: > 0}, is not a basis (Theorem! 


1. Orthogonal sets in A ‘^{ W ' fj ^) 

Let /i > 0 and consider the domain W^. The problem we address here is to hnd a, possibly 
complete, orthonormal system for A^iyV'^) and consequentely have a way to obtain an expression 
for the Bergman kernel. 

In the analysis on the worm domains and a special role is played by the functions 


Er,{z) = , 

(3) 

L{z) =log +ilog|z 2 p. 

(4) 


and log denotes the principal branch of the logarithm, so that 

Er,{zi,Z2) = . 

The function L is well dehned and holomorphic in a domain containing (see |KPS15| . 

Lemma 1.2 and Proposition 1.3). Moreover, we point out that the hber of over each zi G 
D(0,2) \ {0} is not connected and that L{z) is locally constant in Z 2 , but not constant. The 
same happens with Eri{z) for ry E C \ Z, while Ek{z) = z^ for all fc E Z, z E W^. Hence the 
functions E^j are the analytic continuation to of the monomial z^ defined in using the 
principal branch of the logarithm. 

It is well known that the functions that are holomorphic in a neighborhood of the closure Wfj. 
are not dense in H^(yV’^). Since a proof of this fact does not explicitly appear in the literature, 
we prove the following result that applies to both domains and W^. 
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Proposition 1.1. Let /i > 27r and let A?(yV^) denote the closure in of the functions 

that are holomorphic in a neighborhood ofWf^. Then, if f € then f is hoiomorphic on 

where 

2 IJ {{zi,Z2) ■■ a <\og\z2\^ < a + 2 'K, \zi - <l]. (5) 

—fi<a<{i—27r 

Therefore ^ 

The same conclusions hold true with in place ofWfj,. 

In particular, the polynomials are not dense in either or By contrast, D. 

Gatlin |Cat80j showed that for every smoothly bounded pseudoconvex domain fl, the holomor¬ 
phic functions in C°°{Q) are dense in 


Proof. It suffices to prove the result in the case of W^, since the same argument can be repeated 
verbatim for W^. 

Suppose / is holomorphic in a neighborhood of and let 

£a = {( 0 , 22 ) : a < log \z 2 \^ <a + 2 tt] [{zi,Z 2 ) : log |z 2 p = a or a -|- 27r, \zi - e“| < l} . 


Set 


= 2 ^/ 


fjziX) 

C- Z2 


dC: 


where 7 is the oriented boundary of the annulus {z 2 € C : a < log |z 2 p < a -|- 27r}. Then Fa is 
holomorphic on the set 


£a = {( 21 , 2 : 2 ) : a < log| 2 ; 2 p < a + 27r, \zi -e“| < l} . 

However, Fa{0, 22 ) = /(O, Z 2 ), since / is holomorphic in a neighborhood of {(0, Z 2 ) '■ \ log | 22 p| < 
p} and —p < a < p — 2 tt implies a + 2 tt < p. It follows that Fa is a holomorphic extension of / 
to the set £a and thus / extends holomorphically to an open set containing the right-hand 
side of ([ 5 ]). 

Now suppose that {fn} are holomorphic in a a neighborhood of and that /„ —t / in 
Then fn^f uniformly on the compact sets {log \z 2 \^ = a, a + 27r; \zi — e*“| < 1 — <5}, 
for —p < a < p — 2tt. By Cauchy’s formula, {fn} is Cauchy in uniform norm also on the sets 

{o < log 122 !^ < a -I- 27r, \zi — e*“| < 1 — (5} . 

Therefore / extends holomorphically to the set on the right-hand side of ([5]). 

Finally, the functions with p not an integer cannot be extended holomorphically to any of 
the sets £a, so that A‘^(Wp ^ 

It is immediate to check that the arguments above apply to the case of as well. □ 


Thus, we are led to consider the set of “monomials” of the form {E^. and ask whether 

these are orthogonal, and/or complete, for some choice of values pj € C. 


We denote by dA the Lebesgue measure in the complex plane. 


Lemma 1.2. Let Rea,Re/3 > —1. Then 

[ C^dA{C)=7r 


r(a -|- /3 + 2) 
r(a + 2)r(;d + 2) 
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In particular, and are never orthogonal to each other in ^^(A). 
Proof. We have 

p _ p2 /•cos“^(r/2) — 

/ dA{() = / / (re*^)“(re“*®) dOrdr 

Ja Jo J—cos~^{r/2) 

p2 _ rcos“^(r/2) _ 

^ / ^a+/3+i / 

JO J —cos“l(r/2) 


i(a - /3) Jo 

4 /-vs 


sinh (cos ^{r/2)i{a —/3)) dr 

/*^/2 -a 

/ (2cos 5 )“"'' sinssinh (is(Q; —/?)) ds 

Jo 


i{a — (3) 

2"+^+3 , ^a+/3+2 


f (COS cosh (is(a— /?)) ds 

Jo 


0 + /3 + 2 Jo 

2"+^+3 , .a+/3+2 


f (COS COS (s(q!— /?)) ds . 

Jo 


0 + /3 + 2 Jo 

Now we use [GR96[ (9) p. 391] and, denoting by B the beta function, we obtain that 

[ C^dA(0 = -=- - -=-- 

Ja (a + /3 + 2) (a + /3 + 3) B^oi + 2, /? + 2) 


= TT- 


r(Q; + /? + 2) 

r(a + 2)r(^ + 2) 


as we wished to prove. 


□ 


For a given bounded domain iJ in that is rotationally invarianl(3 in the second variable Z 2 , 
such as Wfj, and W^, using the Fourier expansion in Z 2 , the Bergman space decomposes 

as an orthogonal sum 

A^{n) = ^w. (6) 

j£Z 

Here 

W = {F€ A^Q) : F{zi,Z 2) = f{zi, \z2\)zi} , 

where / is holomorphic in zi and locally constant in | 2 ; 2 |- The orthogonal projection of onto 
ig given by 

QjF{zi,Z2) = ^ J F{zi,e"^Z2)e~"^^ dt. 

Then we set 

4 

and observe that the right-hand side is holomorphic in U, but depends only on the modulus of 
Z 2 . Hence / is locally constant in |z 2 |- In general, it will be constant only if the hbers over a 
point (zi, Z 2 ) in H with zi fixed, is a connected set in the Z 2 -plane. 

^These are called Hartogs domains. 
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Let US go back to the case of and let F,G € W, F{zi,Z 2 ) = f{zi, Iz 2 l)z 2 and G(zi, Z 2 ) = 
g{zi, \z 2 \)z 2 . We have 


G')a2(w;) — 

= 2tt 


|log|22P|</^ 7|2i-e‘'°sl^2p|<i 


\z 2 \)g{zi, \Z 2 \)\Z 2 \‘^^ dA{zi)dA{z 2 ) 


= TT 


= TT 


/ f(zi,r)g{zi,r)dA{zi)r‘^^^^dr 

J I log I </L J 1 2:1 —e* I < 1 

f [ f{zi,e^^‘^)g{zi,e^/^)dA{zi)e''^^^^'>ds 

' |s|</^ J hi—e*®|<l 



A J |s|</i 


/(Ce*®, dA{(). 


(7) 


Let 


p = Tr/2g . (8) 

be the reciprocal of the winding number of W^, as also defined in |Bar92] and let h be the entire 
function 

^ sinh[/r(j + 1 + iz)] 


Define 


j + l+ iz 


lap = /i(a - 13) ■ 


(9) 


Proposition 1.3. Let g > 0. For a G C and j G Z let Faj{zi, Z 2 ) = Ea{z)z 2 - Then Faj G 
A‘^{W'^) if and only if Re a > — 1. Moreover, if Re a, Re/3 > —1 then 


-7/3j)a2(W') ~ (^'^) lap 


2 r(Q; + /? + 2) 


r(a + 2)r(^ + 2) 

In particular, {F^j, F'p,j}A'^(Wp = 9 if and only if 

a — P = 2kv + i{j + 1) with k £'L \ {0} . 
Proof. We compute {Fa^j, Fj^j)yi^y^ry Starting from ([7]) we obtain 

{f^a,ji 3^P,j)A^(W') ~ 


( 10 ) 


A ./|s|</i 


L;„(Ce*^ e^/^)Efs{Ce^pe^/^) e^^+^^ds dA{C) 


= IT 


[ CC^ [ e^<^-3K<^+^UsdA{C) 

J A J\s\<n 


'hl<M 

= 27r7„^ [ C^dAiC), 


(11) 


where 


lap ■ — 


■=h [ ^ 


^s(j+l+i{a-p)) 


g if j + 1 + i{a — /3) = 0 , 


as claimed. 
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Therefore, 


that is, 


0 if and only if 

li{j + 1 + i{a — 13)) = kiri 

a — j3 = 2kv + i{j + 1) 


for A: € Z \ {0} , 


for A: € Z \ {0} . 


(12) 


Notice that, when a = j3, the previous computation gives 


\Er. 


«(2;)^2IIa2(W') = / \C°'\'^dA{C) 


— 27ryQ,^Q, 

— 27ryQ,^Q, 


'|CI<1 


^2[ReQ!log |C-l|-ImQ!arg(C-l)] 


_ 1 |2ReOg—2Imaarg(C—1) 


IC-II 


dA{C) 
dA{C ), 


^|C|<1 

which is hnite if and only if Rea > — 1. This proves the first part of the statement. The second 
part now follows from Lemma 11.21 □ 


The following corollaries now follow at once. 

Corollary 1.4. Then, for Rea > —1, we have that G A^iW'^ and 


||^2(yy/) — (27r) 


2 sinh[/x(j + 1 — 2 Im a)] r (2 + 2 Re a) 


j + 1 — 2 Im a 


|r(2 + a)|2 


For cq > —1, and £ = 0,1, 2,... we set 


Hej{zuZ2) = ^co+i.^+iO+i)/2(^)4 ■ 

Corollary 1.5. For fJ- > 0, each of the two sets 

, j G ^ = 0,1,2,... }, and {iL 2 fc+ij , j G Z, fc = 0,1, 2,... }, 
is an orthogonal system in 


(13) 

(14) 


2. The Muntz-Szasz problem for the Bergman space 

In endeavoring to establish whether the system {Fh^ } is complete we are led to consider the 
Muntz-Szasz problem for the Bergman space. 

Recall that we set A = {^ : |C — 1| < !}• We consider a set of functions A; = 1, 2,... 

and would like to find a necessary and sufficient condition for this set to be a complete set in 
^^(A), that is, its linear span to be dense in A^(A). 

Theorem 2.1. Let S be the subset of A‘^{A) whose elements are the functions for k = 
0,1, 2,.. ., where Xk = ak + cq + ib, 0 < a < 1, co > —1 and 6 G R. Then S is a complete set in 
A2(A). 
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Proof. Consider the biholomorphic map C :IA ^ /S. given by 

C(w) = 

I U) 

of the upper half plane lA onto A. Then 

T : A^{A) 3 f ^ if o C)C' G A^{U) 

is a surjective isometry. Next, by the Paley-Wiener theorem, the Fourier transform T, given by 

1 


r*+oo 


= 


2tt 


g{t)e 


provides a surjective isometry of A^{U) onto T^((0, +oo),d^/^), see e.g. [BBG~*~0^ . Therefore, 
will be complete in A^{A.) if and only if is complete in L2((0,+oo),dC/^). 

Now, 


nc){^) = -77 


while 




{i + uj)^+‘^ 

1 


r*+cxD 


Loo L + 7)-^+2 
1 


du 


^A+2p(';^ _l_ 2)'^ ^ X(0,+oo)(0) 


(see also [DGGMBOTj . Lemma 1). 
Therefore, 


(20 


A+l^ 


Hn3)){i) = - j(;, + 2) V 0 ,+co )(0 . 

Hence the set is complete in A‘^{A) if and only if the set is complete in 

((0,+oo), d.^/0 5 that is, the set is complete in ((0,+oo)). 

Next, we consider the transformation ^ i—>■ ^“ = t of (0, +oo) onto itself and the induced 
isometry A of L^((0, +oo)) onto itself given by 

Under such a transformation, since Xk = ak + cq + ib, we see that {^''"'"2 6“^/^} is complete in 
L^((0,+oo)) if and only if is complete in L^((0,+oo)), where 


Co +1 1 .6 

a = -h i — . 

a 2 2a 


We know from [Sze75( Thm. 5.7.1] that the system : n = 0,1,2,...}, with 

c > —1/2, is complete in L^((0,+oo)). Thus, A ip € L^((0,+oo)) is orthogonal to 
for all A: = 0,1, 2,... it follows that 

/• + 00 - 

/ dt = 0 

Jo 

for /c = 0,1,2,... . Since 0 < a < 1, 6 is bounded and also Rea > —we obtain that 

-g^ -0 = 0. This concludes the proof. □ 
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3. Complete sets in 


From our Miintz-Szasz Theorem [Q for the Bergman space ^^(A), we obtain the following 
density result in 

Theorem 3.1. Let /r > 7r/2. Let Z 2 ) be as in (fT3]l . Then {H£j}£j^z,i>o, is a complete 

set in A^{W'^). 

Notice that the set i, j £ Z, i > 0, is the union of the two sets in (fTTl) . 

Proof. We wish to show that if F € A'^fW'^) is orthogonal to for £,j £ Z, £ > 0, then F is 
identically zero. It suffices to show that, for each j £ Z fixed, any function F £ W orthogonal 
to FF^ j for all F > 0, is identically zero. 

Writing F{zi,Z 2 ) = f{zi, \z 2 \)z 2 , from (fTTl) we then have 


0 = {F, = TT 



A F|s|</i 




= TT 


/(Ce“, e"/2) ^s[(j+i)/2+i{co+vi)] ^ 

/A F|s|</x 

for F = 0,1,... . Notice that the function 


(15) 


Tf{C,w)= [ f^^e^s^^s/2y[ij+l)/2+ico] 


e*“' ds 


= F(/(Ce“, e«/2)e^IO+i)/2+-o]x{|,|<^}) (w) (16) 

is analytic in G A, and by the Paley-Wiener theorem |PW87] . is an entire function in w of 
exponential type at most p. Moreover, the function 


W TT 


[ Tf{C,w)C<^o+i'i+i{j+i)/2dA{C) 
Ja 


is again an entire function of exponential type at most p and by (1151) it vanishes at the points 
Wi = u£. Observe that 


lim sup 

r^+oo 




r2^l'F 


lim = +00 . 

r—>-+oo 


(17) 


By a classical result of Fuchs |Fuc46] . we know that an entire function of type p whose zero set 
{wi = i'£} satishes (fT7)l must vanish identically, that is. 


/ r/(C,u;)Co+^^+*(j+i)/2d7l(C) = 0, 

Ja 

for F = 0,1,.... Since p > 7r/2 we have u < 1 and by Theorem 12.11 it now follows that 
Tf{-,w) = 0, hence, 

/(Ce“, e"/2) ^s[{j+i)/2+ico]yw = g, 




(18) 

□ 


for all C € ^ and w £ C. This implies that / vanishes identically and we are done. 

Notice that, had we considered either of the orthogonal systems mentioned in Corollary 1 1.5 1 we 
would have ended up with the points { 1021 } only, or with {w 2 i+i}. The analog of Condition (fT7)l 
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would not have been satisfied and we could not have proved completeness using this approach. 
In fact, we are going to show in the next proposition that each of the two systems is incomplete. 

It is also worth mentioning that the worm domains are increasingly badly behaved as /r 
becomes large. On the other hand, the proof of our density result breaks down when /r < 7r/2. 
This is somewhat surprising, since when < 7r/2 the hbers over zi are connected, the geometry 
of the domain is much simpler and in principle it should be easier to obtain such results on 
when ^ < 7r/2. 


Proposition 3.2. Let be as in Theorem \3. li Then, for each m fixed, 

+00 +00 


E E 


1 


i'=-oofc=0 




(19) 


and, analogously, for each k fixed, 

+00 +00 

\\H2k,j\\%(^y\;p > E E 

j'=—oo m 


_. II tr ||2 

=0 ll'^2m+l,jMlA2(>VM 


\ff2kj'! ff2771^1, j' 


)\' 


Hence, neither system {H 2 k,j} nor {H 2 m+i,j} is complete in A^iyV'^). 

Proof. By orthogonality, it suffices to consider the case j' = j and, dropping the index j, we 
write Fk = H 2 k,j and Gm = H 2 m+i,j- By Proposition 11.31 we have that 

, , , ^ r, sin \u{2k — (2m + 1)) u] 

(G„. (2L(2i + l)). 

r(2co + 2 + (2(k + m) + l)p) 


r(co + 2 + 2kiy + i'^^)r(co + 2 + (2m + l)p — 


\Fi 


i2 ('o ^2 r(2co + 2 + 


fcllA2(W') ~ H 


r(co + 2 + 2A:i/ + z4i)|^ ’ 


i 2 /o ^2 r(2co + 2 + 2(2m + l)z/) 




^•4i)r 


|r(co + 2 + (2m + l)v — F 
Therefore, m is equivalent to 

//r(2co + 2 + 2(2m + 1 )p) 

''sin [p(2k — (2m + i))y \' ^r(2co + 2 + (2{k + m) + 1 )p)^ 


>E 

fc=o 


^r(2co + 2 + Aku) 


(2k — (2m + l))i^ 
which in turn is implied by, 

1 r(2co + 2 + (2(k + m) + 1 )p) 


'>E 

k=0 

+00 

= E 


k=0 


[/i(2/c — (2m + r(2co + 2 + 2(2m + l)p)r(2co + 2 + 4A:z^) 

1 r(2co + 2 + (2(/c + m) + l)i^) 

TT^(A: — “Fudiiy r(2co + 2 + 2(2m + l)p)r(2co + 2 + Akifj 


( 20 ) 


( 21 ) 
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Now, on the one hand the right-hand side in (|21l) is less than or equal to 

+00 


E 

k=0 


1 




vr 


since for all x,y > 0, c > 0, 


r*+oo 


r(c + X + y)2 = / e+y+^-^e-^dt 


< 


r*+oo 


^2x+c-l^-t^^ ^2y+c-l^-t^^ =r(c + 2x)r(c + 2y). 


On the other hand, we claim that 


+ 00 ^ 

A> V- ' - 5 . 

/> _ 2m+1 ^2 

fc=o y'^ 2 ) 


Indeed, setting h{w) = 7 rcot( 7 rtc) and Q{w) = [w — , we have 

1 


Res ( —, A; I = ^ ^ 

\Q J Q{k) 


for all /c G Z and 


Res 


The fact that 
0 = lim 


I 


h 2m + 1 

Q’ 2 


h{w) 


vr cos(7rrc) 


= lim 911 

^,^ 2 m+i sin( 7 rr(;) w — 


= —TT . 


..... , dw = 2'Ki lim 

n^+oo_/g ^(0 „+l) Q(u;) n-i>+cx> 


Res 


h 2m + 1 

Q’ 2 


+ Q’^ 


k=—n 


implies that 


71^ = 


+ 00 

E 


1 


> 


+ 00 

E 


1 

2m+l\2 ’ 


/T, _ 2m+l \^ /i _ 2m+ly 

fc=-oo y'^ 2 I k=0 2 ) 

as claimed. This concludes the proof. 


□ 


Finally, we show that the complete system of Theorem 13.11 is not a basis for A^iyV'^), for all 
y > 71/2. 

Theorem 3.3. Let y > 7r/2, and let H£j(zi, Z 2 ) = £'co+i'f-i-i(i+i)/ 2 (^i) - 22 ) 2 ^ 2 ’ S Z, £ > 0. For 
each j € Z fixed, the function Hqj is in the (W'^)-closure of span{H£ j, = 1, 2,... }. 


Proof. We first assume that y > xj2. 
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Let Q = Qn be a polynomial of degree n of one complex variable, without constant term, 
Q{w) = YH=i ciw^■ Then, arguing as in ([7]) we have 


n 

|(^co+i(j+l)/2gis(co+i(i+l)/2) _ ^ ^^QCQ+vl+i{j+l)/2^is(co+i{j+l)/2+vl)^ ds 

£=1 

2 

|^co+i(i+i)/2|2 J ^ dA{C) ds 

i=l 

n 2 

l-j;c,(CV-)^ dAiOds 

( 22 ) 


= TT 


= TT 


< c 


1=1 


' |s|</j J A 


' |s|</i J A 


' |s|</^ J A 


£=1 


= c 


— f f |l — C£u;^|^|'u;i' ^\‘^dA{w)ds, 


where we have set w = Since /x > 7r/2, i/ < 1 — 25 for some 5 > 0, so that — ^ < 12 s < ^ 

and 0 < < ^(1 — 25). Hence, 

C jic = pe** : 0 < p < 2'^, i/(s — |) < t < p(s + |)} 

C = pe** : 0 < p < 2^, |t| < 7r(l — 5)} 

=: 5. 


Plugging this into (f22]l we obtain that 


\Ho,j ^ ^ 


£=1 


|s|</j JS 


\^ — Qn{w)\‘^\w\'^^'' ^'^dA{w)ds 


= C [ \l - Qn{w)f\w\'^^’' dA{w). 

Js 


Setting dui{w) = Itcp*-!- ^^dA{w), the conclusion will follow if we show that there exist poly¬ 
nomials P,i = 1 — Qn such that Pn(0) = 1 and \\Pn\\A'^{S,dui) —>■ 0 as n —>■ + 00 . 


In order to prove that such polynomials exist, let A+ be the half disk {z G C : jz] < 1, Rez > 
0} and p{z) = {z — ^)^ + Then p{0) = 1, and \p{z)\ < 1 for 2 ; G A+, as it is elementary to 
check. Therefore, F{w) = is a function holomorphic on S such that 

. F is continuous on S; 

. F(0) = 1; 

• |T(u;)| < 1 on S'. 

Observe that oj{S) < -|-oo. Given e > 0, let iL be a compact subset of S such that u}{S\K) < e 
and let n be a positive integer such that |F”(i/;)| < e for w €z K. Then 


F^{w)\‘^ duT{w) < Ce. 


By Mergelyan’s approximation theorem (see |Rud66] e.g.), we can find polynomials pn such that 
\F^{w) — Pn{w)\ < e for in G S. Finally, we set Pn = ^ ^Q^ Pn and the conclusion follows easily. 
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Finally, let fi = 7r/2, so that = 1. Set V = ■ ki — e*®| < 1}. We have, 


\Hoj - ^ CiHi 


jlU2(wM 


= TT 


£=1 


' |s|</i J |2:i—e®®|<l 


2co+iO'+l) I 

h I 


|l — ^ C£zf\^ dA(zi) ds 

£=1 


< c 


n It 


- > ]c(,z{? dA{zi). 


(23) 


We observe that P is a Jordan domain, having the origin as a boundary point. By |Far34| 
we know that the polynomials are dense in and by |Bre85| it follows that there exists no 

bounded boundary evaluation point on the space of polynomials. Hence, the right hand side of 
(I23p can by made arbitrarily small and the conclusion now follows. We leave the simple details 
to the reader. □ 


Concluding Remarks 

Thanks to work of several authors, the worm domain has become an important object of 
study. In particular, we are beginning to understand the Bergman kernel and projection on some 
versions of the worm. But the original smooth worm is particularly resistive to analysis. It 
does not have the built-in symmetries of some of the non-smooth worms. In particular, we do 
not have a useful complete orthogonal basis for the Bergman space on W^. In addition to the 
alternative approach mentioned in [KPS151 §5], this paper has offered some first steps towards 
addressing that problem. 


[Bar92] 

[BBG+04] 

[Bre85] 

[CatSO] 

[Chr96] 

[CSOl] 

[DF77] 

[DGGMR071 

[Far 34] 

[Fuc46] 

[GR96] 
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